Published by Institute of Physics Publishing for SISSA/ISAS Received: October 23, 2003 Accepted: November 24, 2003

New results on holographic three-point functions

Massimo Bianchi and Maurizio Prisco

Dipartimento di Fisica, Università di Roma “Tor Vergata” and I.N.F.N. — Sezione di Roma “Tor Vergata” Via della Ricerca Scientifica 1, 00133 Roma, Italy E-mail: massimo.bianchi@roma2.infn.it, maurizio.prisco@roma2.infn.it

Wolfgang Mück

Dipartimento di Scienze Fisiche, Università di Napoli “Federico II” and I.N.F.N. — Sezione di Napoli, Via Cintia, 80126 Napoli, Italy E-mail: mueck@na.infn.it

Abstract: We exploit a gauge invariant approach for the analysis of the equations governing the dynamics of active scalar fluctuations coupled to the fluctuations of the metric along holographic RG flows. In the present approach, a second order ODE for the active scalar emerges rather simply and makes it possible to use the Green’s function method to deal with (quadratic) interaction terms. We thus fill a gap for active scalar operators, whose three-point functions have been inaccessible so far, and derive a general, explicitly Bose symmetric formula thereof. As an application we compute the relevant three-point function along the GPPZ flow and extract the irreducible trilinear couplings of the corresponding superglueballs by amputating the external legs on-shell.

Keywords: Renormalization Group, AdS-CFT and dS-CFT Correspondence.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep112003052 /jhep112003052 .pdf

Contents

1. Introduction 1

2. Geometric relations for hyper surfaces 4

3. Gauge invariant approach 6 3.1 Gauge transformations and invariants 6 3.2 Einstein’s equations and gauge invariance 7

4. Field Equations 9

5. Correlation functions 11 5.1 General considerations 11 5.2 The Holographic Three-Point Function ⟨OOO⟩ 14 5.3 Correlation functions in the GPPZ Flow 17

6. Conclusions and outlook 20

A. Useful relations for the GPPZ flow 21

1. Introduction

The holographic calculation of correlation functions in conformal field theories has been pursued much in recent years, spawned by the formulation of the AdS/CFT correspondence [1, 2]. Roughly speaking, the on-shell action of a (super)gravity theory living in a (d + 1)-dimensional bulk space-time can be interpreted as the generating functional of a dual quantum field theory (QFT), if the bulk geometry is asymptotically anti-de Sitter (AdS). The prescribed boundary values of the bulk fields play the role of the QFT sources. If the bulk geometry is entirely AdS, the dual QFT is conformal. Otherwise, the bulk geometries describe renormalization group (RG) flows of the QFT away from the ultraviolet conformal fixed point, which are driven by relevant operators, either by deforming the action or by turning on non-zero vacuum expectation values (vevs). These are called operator and vev RG flows, respectively. The correspondence formula has been given a precise meaning by the development of a systematic renormalization procedure, known as holographic renormalization, that removes all infrared divergences stemming from the infinite volume in the bulk on-shell action and ensures the validity of the (anomalous) Ward identities in the boundary QFT [3]–[7].

– 1 –

The most famous duality starts with gauged supergravity in (d + 1) = 5 dimensions, which is obtained from D = 10 type-IIB supergravity by compactification on a five-sphere. Its AdS_5 solution is dual to d = 4, N = 4 super Yang-Mills (SYM) theory in the planar limit at strong ’t Hooft coupling [8]. Several RG flows of this theory, with various degrees of supersymmetry, have been identified [9]–[18].

Explicit calculations of n-point functions in RG flows with n > 2 have been hampered by a number of reasons. First, in RG flow backgrounds, the fluctuations of the active scalar^1 couple to the fluctuations of the bulk metric in a non-trivial fashion even at the linearized level, and much effort was needed in previous work to disentangle this mixing and to extract some two-point functions [19]–[23]. Second, for many cases the background is such that the equations of motion are not explicitly solvable even for the simplest fields, i.e. inert scalars and transverse modes of the graviton and vector bosons. The favourite solvable cases are the GPPZ flow [16], which captures some features of the flow from N = 4 to N = 1 super Yang-Mills (SYM) theory, and the Coulomb branch flow [14], which breaks SU(4) R-symmetry to SO(4). The difficulties make approaching the calculation of higherpoint functions rather daunting. However, interesting mass spectra have been exposed by two-point functions, and the explicit knowledge of three-point vertices would be very desirable. The first calculation of some very simple three-point functions of operators dual to inert scalars has been presented in [24].

In this paper, we consider the active scalar more thoroughly with the aim of providing a general and simple formula for the three-point function of its dual operator. Thanks to a Ward identity, this operator is equivalent to the trace of the QFT energy-momentum tensor in the case of operator RG flows. We shall apply the result to the GPPZ flow, which is an operator flow driven by the insertion of an operator of UV dimension Δ = 3.

Tackling Einstein’s equations to quadratic order around the RG flow background is quite an enterprise. Choosing a gauge to remove some of the fields is not of much help, since one cannot simply guess which gauge leads to the simplest equations for the remaining fields. Therefore, we develop and use a gauge invariant method. The idea is the following. From the various fields one can form a number of independent gauge invariant combinations (call them collectively I), which represent the true degrees of freedom. Using diffeomorphism invariance, Einstein’s equations can then be equivalently expressed in terms of I only. This means that in the expansion to second order those fields that represent gauge artifacts can be dropped. Although this seems a lot like choosing a gauge, the equations to be solved are, in fact, gauge independent. Much to our surprise, this procedure leads to a second order ODE for the active scalar without much effort. Hence, interactions can be dealt with in the standard fashion by using the Green’s function, and this makes three-point functions in principle accessible. It is, of course, impossible in most cases to perform the final bulk integral involving three bulk-to-boundary propagators. Nevertheless one can extract irreducible vertices by amputating on-shell external legs.

1In the common nomenclature, an active scalar is dual to the operator driving the RG flow and has a non-zero background, whereas the other scalars are called inert.

– 2 –

To finish the introduction, let us briefly introduce the problem and outline the rest of the paper. Our task will be to analyze the dynamics of bulk gravity coupled to a scalar field. Einstein’s equations can be conveniently cast into the form^2

E_{μν} = R̃_{μν} + 2S_{μν} = 0 , (1.1)

where S_{μν} = ∂_μϕ∂_ν ϕ + 2 d − 1 g̃_{μν} V (ϕ) . (1.2)

Bianchi’s identity implies the equation of motion for the scalar, ~∇^2ϕ − ∂V ∂ϕ = 0 . (1.3)

We analyze the equations of motion using the time slicing formalism, in which the bulk metric takes the form

ds^2 = (n^2 + n_in^i)dr^2 + 2n_idrdx^i + g_{ij} dx^idx^j . (1.4)

A brief summary of the time slicing formalism is presented in section 2, which can be skipped in a cursory reading. The time slicing formalism has the virtue that the equations are expressed covariantly in terms of hyper surface quantities, which makes the calculations less prone to errors.

We wish to consider fluctuations around a supergravity background that is dual to an RG flow. Therefore, we expand the fields as follows, ϕ = ϕ̄(r) + φ , g_{ij} = e^{2A(r)} (η_{ij} + h_{ij} ) , n_i = ν_i , n = 1 + ν , (1.5)

where φ, h_{ij} , ν_i an ν denote the small fluctuations. The background functions ϕ̄(r) and A(r) satisfy gradient flow equations governed by a superpotential W (ϕ) according to [11]

∂_rϕ̄(r) = W_ϕ , ∂_rA(r) = − 2 d − 1 W , 1 2 W^2_ϕ − d d − 1 W^2 = V . (1.6)

Here and henceforth, we denote W_ϕ = dW (ϕ)/dϕ|¯_ϕ, and similar for higher derivatives. Furthermore, we adopt the convention that the indices of the fluctuations as well as of the derivatives ∂_i are raised and lowered with the flat (Minkowski/euclidean) metric.

2For our notation, see section 2.

– 3 –

In section 3, we develop the gauge invariant approach that starts by identifying gauge invariant combinations, I, of the fluctuations φ, ν, ν^i and h^i_j. It is then demonstrated that Einstein’s equations can be equivalently written in terms of I only, and a simple recipe is given how to achieve this goal. The gauge invariant field equations governing the dynamics of the active scalar are given explicitly in section 4. Two of the three coupled equations are easily solved, and the remaining equation for the active scalar is a linear second order ODE with higher order source terms. In section 5, we derive a general formula for the three-point function of the operator that is dual to the active scalar. It is given in terms of an integral over the radial bulk variable involving three bulk-to-boundary propagators and an operator involving the external momenta and radial derivatives. Some effort is needed to arrive at an expression that is explicitly Bose symmetric. The formula is applied to the GPPZ flow, in which case one can perform the integral, if all external legs are on-shell and amputated. Finally, section 6 contains our conclusions. Useful details for the GPPZ flow are listed in appendix A.

2. Geometric relations for hyper surfaces

The time slicing (or ADM) formalism [25, 26], which we will employ in our analysis of Einstein’s equations, makes essential use of the geometry of hyper surfaces [27]. Therefore, we shall begin with a review of the basic relations governing the geometry of hyper surfaces.

A hyper surface in a space-time with coordinates X^μ (μ = 0, . . . , d) and metric g̃_{μν} is defined by a set of d + 1 functions, X^μ(x^i) (i = 1, . . . , d), where the x^i are a set of (local) coordinates on the hyper surface. The tangents, X^μ_i ≡ ∂_iX^μ, and the normal vector, N^μ, to the hyper surface satisfy the following orthogonality relations,

g̃_{μν} X^μ_i X^ν_j = g_{ij} , g̃_{μν} X^μ_i N^ν = 0 , g̃_{μν} N^μN^ν = 1 , (2.1)

where g_{ij} represents the (induced) metric on the hyper surface. Henceforth, a tilde will be used to label quantities characterizing the (d+1)-dimensional space-time manifold, whereas those of the hyper surface remain unadorned.

The equations of Gauss and Weingarten define the second fundamental form, K_{ij} , of the hyper surface,

∂_iX^μ_j + Γ̃^μ_{λν} X^λ_i X^ν_j − Γ^k_{ij} X^μ_k = K_{ij} N^μ , (2.2) ∂_iN^μ + Γ̃^μ_{λν} X^λ_i N^ν = −K^j_i X^μ_j . (2.3)

The second fundamental form describes the extrinsic curvature of the hyper surface and is related to the intrinsic curvature by another equation of Gauss,^3 R̃_{μνλρ}X^μ_i X^ν_j X^λ_k X^ρ_l = R_{ijkl} − K_{il}K_{jk} + K_{ik}K_{jl} . (2.4) 3Our convention for the Riemann tensor is R^i_{jkl} = ∂_lΓ^i_{jk} + Γ^i_{lm}Γ^m_{jk} − (k ↔ l).

– 4 –

Furthermore, it satisfies the equation of Codazzi, R̃_{μνλρ}X^μ_i X^ν_j N^λX^ρ_k = ∇_jK_{ik} − ∇_iK_{jk} . (2.5)

The symbol ∇ denotes covariant derivatives with respect to the induced metric, g_{ij}.

The above formulae simplify, if (as in the familiar time slicing formalism), we choose space-time coordinates such that

X^0 = const , X^i = x^i . (2.6)

Then, the tangent vectors are given by X^0_i = 0 and X^j_i = δ^j_i . One conveniently splits up the space-time metric as (shown here for euclidean signature)

g̃_{μν} = ( n_in^i + n^2 n_j n_i g_{ij} ) , (2.7)

whose inverse is given by

g̃^{μν} = 1 n^2 ( 1 −n^j −n^i n^2g^{ij} + n^in^j ) . (2.8)

The matrix g^{ij} is the inverse of g_{ij} and is used to raise hyper surface indices. The quantities n and n^i are the lapse function and shift vector, respectively.

The normal vector N^μ satisfying the orthogonality relations (2.1) is given by

N_μ = (n, 0) , N^μ = 1 n (1, −n^i) . (2.9)

Then, one can obtain the second fundamental form from the equation of Gauss (2.2) as K_{ij} = − 1 2n (∂_0g_{ij} − ∇_in_j − ∇_j n_i) . (2.10)

We are interested in expressing all bulk quantities in terms of hyper surface quantities. Using the equations of Gauss and Weingarten, some Christoffel symbols can be expressed as follows,

Γ̃^0_{ij} = 1 n K_{ij} , (2.11)

Γ̃^k_{ij} = Γ^k_{ij} − n^k n K_{ij} , (2.12)

Γ̃^0_{i0} = 1 n ∂_in + n^j n K_{ij} , (2.13)

Γ̃^k_{i0} = ∇_in^k − n^k n ∂_in − nK_{ij} ( g^{jk} + n^jn^k n^2 ) . (2.14)

The remaining components, Γ̃^0_{00} and Γ̃^k_{00}, are easily found from their definitions using (2.7) and (2.8),

Γ̃^0_{00} = 1 n ( ∂_0n + n^j∂_j n + n^in^jK_{ij} ) , (2.15)

Γ̃^k_{00} = ∂_0n^k + n^i∇_in^k − n∇^kn − 2nK^k_i n^i − n^k n ( ∂_0n + n^j∂_j n + n^in^jK_{ij} ) . (2.16)

– 5 –

3. Gauge invariant approach 3.1 Gauge transformations and invariants Invariance under diffeomorphisms is a powerful tool that allows one to reduce the number of fields in the field equations to the effective degrees of freedom, which is usually done by fixing a gauge. In our treatment of the coupled scalar-gravity system we shall take a slightly different approach identifying gauge invariant quantities, in terms of which the field equations are expressed. Thereby we obtain the equations of motion in a gauge invariant form. Alternatively, our treatment indicates a choice of gauge, in which the equations of motion become particularly simple.

Let us start with the transformations under a diffeomorphism of the form x^μ → x^{′μ} = x^μ − ξ^μ(x) , (3.1) where ξ is infinitesimal. Because general covariance implies that Einstein’s equations are invariant under any diffeomorphism, they are invariant under (3.1) to any order in ξ, and it is sufficient to consider the first order in ξ only. Under (3.1), a scalar field transforms as δϕ = ξ^μ∂_μϕ , (3.2) whereas a covariant tensor of rank two (e.g. the metric or Einstein’s equations) transforms as δE_{μν} = ∂_μξ^λE_{λν} + ∂_ν ξ^λE_{μλ} + ξ^λ∂_λE_{μν} . (3.3) Splitting the fields into background and fluctuations as in (1.5), the transformations (3.2) and (3.3) become gauge transformations for the fluctuations, δφ = W_ϕξ^r + O(f) , δν = ∂_rξ^r + O(f) , δν^i = ∂^iξ^r + e^{2A}∂_rξ^i + O(f) , δh^i_j = ∂_j ξ^i + ∂^i(η_{jk}ξ^k) − 4 d − 1 W δ^i_jξ^r + O(f) . (3.4)

By O(f^n) we denote terms of order n in the fluctuations φ, h_{ij} , ν_i and ν. (Remember that we are always at first order in the gauge parameter ξ.) Moreover, we split the metric fluctuations h^i_j as follows,

h^i_j = h^{T T i}_j + ∂^iϵ_j + ∂_j ϵ^i + ∂^i∂_j □ H + 1 d − 1 δ^i_j h , (3.5)

where h^{T T i}_j denotes the traceless transversal part, and ϵ^i is a transversal vector (∂_iϵ^i = 0). It is straightforward to obtain from (3.4) the transformation laws for these components, δh^{T T i}_j = O(f) , δϵ^i = Π^i_j ξ^j + O(f) , δH = 2∂_iξ^i + O(f) , δh = −4W ξ^r + O(f) . (3.6)

– 6 –

Here, Π^i_j is the transversal projector,

Π^i_j = δ^i_j − ∂^i∂_j □ . (3.7)

Using the transformation laws (3.4) and (3.6) we can construct the following gauge invariant combinations of the fluctuations, a = φ + W_ϕ h 4W + O(f^2) , (3.8) b = ν + ∂_r ( h 4W ) + O(f^2) , (3.9)

c = ∂_iν^i + □ h 4W − 1 2 e^{2A}∂_rH + O(f^2) , (3.10)

d^i = Π^i_jν^j − e^{2A}∂_rϵ^i + O(f^2) , (3.11)

e^i_j = h^{T T i}_j + O(f^2) . (3.12)

Here, c and d^i both stem from δν^i, which we have split into its longitudinal and transversal parts. It is in principle possible to find the higher order terms in (3.8)–(3.12) explicitly, but we shall argue in the next subsection that this is not necessary for our purposes.

We would like to finish this subsection by making two crucial observations. For convenience, let us arrange the fluctuations into two sets, X = (h, H, ϵ^i), and Y = (φ, ν, ν^i, h^{T T i}_j ). Furthermore, let us collect also the invariants to I = (a, b, c, d^i, e^i_j ). We shall henceforth use X, Y , and I to denote any of the fields of the corresponding set. The first observation is that we can write the gauge parameter ξ to first order as a linear functional of the variations of the fields X,

ξ^λ = z^λ(δX) + O(f^2) = δz^λ(X) + O(f^2) . (3.13)

This is clear from (3.6). Second, the gauge invariant combinations have been chosen such that the fields Y can be written in the form

Y = I + y(X) + O(f^2) , (3.14)

where y is a linear functional of the fields X. Moreover, when going to the next order in the fluctuations, one can choose I such that the quadratic terms do not contain terms with two Is, i.e.

Y = I + y(X) + α(X, X) + β(X, I) + O(f^3) , (3.15)

where α and β are bilinear in their arguments. Let us now turn our attention to the field equations.

3.2 Einstein’s equations and gauge invariance It is our goal to re-write Einstein’s equations to quadratic order in the fluctuations in terms of the gauge invariant combinations I. To do this, we start by expanding them symbolically in the form

E_{μν} = E^{(1)1}_{μν} (X) + E^{(1)2}_{μν} (Y ) + E^{(2)1}_{μν} (X, X) + E^{(2)2}_{μν} (X, Y ) + E^{(2)3}_{μν} (Y, Y ) + O(f^3) . (3.16)

– 7 –

Here, E^{(1)} and E^{(2)} denote linear and bilinear terms, respectively. The background equations are satisfied identically. Now we substitute (3.15) for Y , which yields

E_{μν} = Ẽ^{(1)1}_{μν} (X) + E^{(1)2}_{μν} (I) + Ẽ^{(2)1}_{μν} (X, X) + Ẽ^{(2)2}_{μν} (X, I) + E^{(2)3}_{μν} (I, I) + O(f^3) . (3.17)

Notice that the functionals E^{(1)2} and E^{(2)3} are essentially unchanged, whereas the others gets modified. For example, Ẽ^{(2)2} receives contributions from E^{(2)2}, E^{(2)3} and E^{(1)2} [through β in (3.15)].

Eq. (3.17) can be vastly simplified by considering its transformation under diffeomorphisms. From (3.3) and (3.13) we find

δE_{μν} = ∂_μδz^λ(X)E_{λν} + ∂_ν δz^λ(X)E_{μλ} + δz^λ(X)∂_λE_{μν} + O(f^3) . (3.18)

As there is no first order term on the right hand side, the first order terms of E_{μν} must be invariant, which implies that Ẽ^{(1)1}_{μν} (X) = 0 in (3.17). We have explicitly checked that this is the case. Then, substituting E_{μν} = E^{(1)2}_{μν} (I) + O(f^2) into the right hand side of (3.18) yields δE_{μν} = δ [ ∂_μz^λ(X)E^{(1)2}_{λν} (I) + ∂_ν z^λ(X)E^{(1)2}_{μλ} (I) + z^λ(X)∂_λE^{(1)2}_{μν} (I) ] + O(f^3) . (3.19)

Comparing (3.19) with (3.17), we find that

Ẽ^{(2)1}_{μν} = 0 , (3.20) Ẽ^{(2)2}_{μν} = ∂_μz^λ(X)E^{(1)2}_{λν} (I) + ∂_ν z^λ(X)E^{(1)2}_{μλ} (I) + z^λ(X)∂_λE^{(1)2}_{μν} (I) . (3.21)

Moreover, every single term in Ẽ^{(2)2}_{μν} contains the first order equations of motion. Therefore, it can be dropped. (We can freely use the first order equations to simplify the interaction terms). Thus, we arrive at the following equation to be solved,

E^{(1)2}_{μν} (I) + E^{(2)3}_{μν} (I, I) = 0 , (3.22)

which is obtained by the following recipe. We expand the equations of motion to second order in the fluctuations X and Y . Then, we replace every Y by its corresponding I and simply drop all Xs. This simple rule is summarized by the following substitutions, ϕ → a , ν → b , ν^i → d^i + ∂^ic □ , h^i_j → e^i_j . (3.23)

For the sake of completeness, we list here the expressions that follow from the rules (3.23) for the quantities that appear in the field equations. The extrinsic curvature becomes nK^i_j → 2 d − 1 W δ^i_j − 1 2 ∂_re^i_j + 1 2 e^{−2A} ( ∂^id_j + ∂_jd^i + 2 ∂^i∂_j □ c ) + 1 2 e^i_k∂_re^k_j + (3.24) − 1 2 e^{−2A} [ e^i_k ( ∂^kd_j + ∂_j d^k + 2 ∂_j ∂^k □ c ) + ( d^k + ∂^kc □ ) ( ∂^ie_{jk} + ∂_j e^i_k − ∂_ke^i_j ) ] ,

– 8 – and its trace is nK^i → 2d d − 1 W + e^{−2A}c + 1 2 e^i_k∂_re^k_i − e^{−2A}e^i_k ( ∂^kd_i + ∂_i∂^k □ c ) . (3.25)

The intrinsic Ricci tensor is replaced by R_{ij} → 1 2 □e_{ij} + 1 2 e^k_l ( ∂_i∂_ke^l_j + ∂_j ∂_ke^l_i − ∂_k∂^le_{ij} − ∂_i∂_j e^l_k ) − − 1 4 (∂_ie^k_l )(∂_j e^l_k) + 1 2 (∂_le^k_i )(∂_ke^l_j ) − 1 2 (∂_le^k_j )(∂^le_{ik}) , (3.26)

and the Ricci scalar becomes R → −e^{−2A} [ e^i_j □e^j_i + 3 4 (∂_ie^j_k)(∂^ie^k_j ) − 1 2 (∂_ie^k_j )(∂^j e^i_k) ] . (3.27)

We finish this subsection by making two remarks on our method. First, the substitutions (3.23) can also be interpreted as a choice of gauge, namely X = 0. Second, it is straightforward to extend the present analysis to the case with more than one scalar. For scalars ϕ^I that have a canonical kinetic term one can define the gauge invariants a^I by replacing in (3.8) W_ϕ by W_I = ∂W/∂ϕ^I . In particular, inert scalars are gauge invariant up to O(f).

4. Field Equations

Let us now consider in detail the equations governing the dynamics of the fluctuations of an active scalar. Active scalars mix with the metric fluctuations even at the linearized level, and a lot of effort was devoted in previous work to resolve this mixing [19]–[23]. As we shall see, in our gauge invariant approach, or, equivalently, in the gauge X = 0, this is much simpler. We will obtain a second order ODE for the active scalar fluctuation in a rather straightforward fashion.

We start with the equation of motion for the scalar,^4 (1.3), which takes the form [ ∂^2_r − 2n^i∂_r∂_i + n^in^j∇_i∂_j + n^2∇^2 − ( nK^i + ∂_r ln n − n^i∂_i ln n ) ∂_r − (4.1) − ( ∂_rn^k − n^i∇_in^k − n∇^kn − n^k∂_r ln n + n^kn^i∂_i ln n − n^knK^i ) ∂_k ] ϕ − n^2 ∂V ∂ϕ = 0 .

We have used the expressions listed in section 2 for the bulk connections.

After expanding (4.1) to second order and using the substitution rule (3.23), we obtain ( ∂^2_r − 2d d − 1 W ∂_r + e^{−2A}□ − V_{ϕϕ} ) a − W_ϕe^{−2A}c − W_ϕ∂_rb − 2V_ϕb = J_a , (4.2)

4The equation for the scalar follows from Einstein’s equations. However, we need not consider the components Eij , if we are not interested in the fluctuations e^i_j .

– 9 – where the quadratic source J_a is given by

J_a = 1 2 V_{ϕϕϕ}a^2 + V_ϕb^2 + 2V_{ϕϕ}ab − W_ϕb∂_rb + (∂_ra)(∂_rb) + 1 2 W_ϕe^i_j ∂_re^j_i +

+e^{−2A} [ − 2b□a − (∂^ib)(∂_ia) + c∂_ra + 2 ( d^i + ∂^ic □ ) ∂_i∂_ra − − W_ϕ ( d^i + ∂^ic □ ) ∂_ib + ( ∂_rd^i + ∂_r ∂^ic □ ) ∂_ia − 2 d − 2 d − 1 W ( d^i + ∂^ic □ ) ∂_ia + + e^i_j ( ∂_i∂^j a − W_ϕ∂_id^j − W_ϕ ∂_i∂^j □ c ) ] . (4.3)

Next, we turn to Einstein’s equations, which we need to consider only the normal and mixed components of. These are easily obtained multiplying (1.1) by N^μN^ν − g^{ij} X^μ_i X^ν_j and N^μX^ν_i , respectively, using the geometrical relations of section 2. For the normal components we find

(nK^i_j )(nK^j_i ) − (nK^i)(nK^j ) − n^2R − 2n^2g^{ij} (∂_iϕ)(∂_j ϕ) − 4n^2V + +2(∂_rϕ)^2 − 4n^i(∂_iϕ)(∂_rϕ) + 2n^in^j(∂_iϕ)(∂_j ϕ) = 0 . (4.4)

Expanding to second order and replacing the fields by means of (3.23) we obtain

−4W e^{−2A}c + 4W_ϕ∂_ra − 4V_ϕa − 8V b = J_c , (4.5)

with the quadratic source term J_c given by

J_c = 4V b^2 + 8V_ϕab + 2V_{ϕϕ}a^2 − 2(∂_ra)^2 + (e^{−2A}c)^2 + 2e^{−2A}(∂^ia)(∂_ia) +

+4W_ϕe^{−2A} ( d^i + ∂^ic □ ) ∂_ia + 2W e^i_j∂_re^j_i − 4W e^{−2A}e^i_j ∂_i ( d^j + ∂^j c □ ) − − 1 4 (∂_re^i_j )(∂_re^j_i ) + e^{−2A} ( ∂_id^j + ∂_i∂^j □ c ) ∂_re^i_j − −e^{−4A} [ 1 2 (∂_id^j )(∂^id_j ) + 1 2 (∂_id^j )(∂_j d^i) + 2(∂_id^j ) ∂^i∂_j □ c + ( ∂_i∂^j □ c ) ( ∂^i∂_j □ c )] − −e^{−2A} [ e^i_j □e^j_i + 3 4 (∂_ie^j_k)(∂^ie^k_j ) − 1 2 (∂_ie^j_k)(∂^ke^i_j ) ] . (4.6)

Similarly, the mixed components of Einstein’s equations are rewritten as

∂_i(nK^j ) − ∇_j(nK^j_i ) − (∂_i ln n)(nK^j ) + (∂_j ln n)(nK^j_i ) − 2(∂_iϕ)(∂_rϕ − n^j∂_j ϕ) = 0 , (4.7)

which yields the equation − 1 2 e^{−2A}□d_i − 2W ∂_ib − 2W_ϕ∂_ia = J_i . (4.8)

– 10 – where J_i to quadratic order is given by

J_i = −W ∂_ib^2 + 2(∂_ia)(∂_ra) + e^{−2A}(Π^j_i c)(∂_j b) + 1 2 (∂_j b)(∂_re^j_i ) − 1 2 e^{−2A} ∂_jc □ □e^j_i − − 1 4 ∂_i∂_r(e^j_ke^k_j ) + 1 2 e^j_k∂_r∂_j e^k_i + 1 4 (∂_ie^j_k)(∂_re^k_j ) − 1 2 e^{−2A}e^j_k∂_j(∂^kd_i − ∂_id^k) − − 1 2 e^{−2A}(∂_j e^k_i )(∂^j d_k − ∂_kd^j ) − 1 2 e^{−2A}d_j□e^j_i − 1 2 e^{−2A}(∂_j b)(∂^j d_i + ∂_id^j ) . (4.9)

Our strategy is to solve (4.5) and (4.8) for b, c and d_i and substitute them into (4.2) to obtain an equation for a, which is still coupled to e^i_j through the source terms. Thus, we find b = − W^2_ϕ W^2 ã − 1 2W ∂_i □ J^i , □d_i = −2e^{2A}Π^j_i J_j ,

e^{−2A}c =

W^2_ϕ W^2 ∂_rã − 1 4W J_c + V W^2 ∂_i □ J^i , (4.10)

where we have defined ã = (W/W_ϕ)a for later convenience.

Substituting (4.10) into (4.2) yields ( D^2 + e^{−2A}□ ) ã = J_ã , (4.11)

where we have abbreviated

D^2 = [ ∂_r + 2 ( W_{ϕϕ} − W^2_ϕ W − d d − 1 W )] ∂_r , (4.12)

and the source term is given by

J_ã = W W_ϕ J_a − 1 4 J_c − 1 2 [ ∂_r + 2 ( W_{ϕϕ} − W^2_ϕ W − d d − 1 W )] ∂_i □ J^i . (4.13)

As promised, we find that the equation for ã at the linearized level is rather simple compared to the effort needed in previous work. More importantly, since it is a second order ordinary differential equation (after going to momentum space), it is possible to use the standard Green’s function method for going beyond the linearized level.

5. Correlation functions

5.1 General considerations

We shall now calculate correlation functions of the dual deformed conformal field theory. The presentation in this and the next subsection will be general, if not otherwise indicated. We start here with some general considerations including also the use of the Green’s function method for calculating the interaction terms. We use the variable ρ = e^{−2r} in many formulae. In subsection 5.2 the calculation of the three-point function of the active scalar

– 11 – will be presented. Subsection 5.3 is dedicated entirely to the results for the GPPZ flow. As already mentioned, useful relations for the GPPZ flow are listed in appendix A.

The bulk fluctuations h^i_j and φ are the duals of the boundary energy momentum tensor, T^i_j , and the scalar operator O of conformal dimension Δ, respectively. This is made explicit through the couplings of their boundary values to these operators, ∫ d^dx ( 1 2 ĥ^j_i T^i_j + φ̂O ) , (5.1)

where ĥ^i_j and φ̂ are defined as the leading coefficients in the asymptotic expansions

h^i_j (x, ρ) = ĥ^i_j (x) + · · · + ȟ^i_j (x)ρ^{d/2} + · · · , (5.2) φ(x, ρ) = φ̂(x)ρ^{(d−Δ)/2} + · · · + φ̌(x)ρ^{Δ/2} + · · · . (5.3)

Moreover, ȟ^i_j and φ̌ are the leading coefficients of the sub-leading series and are called the responses [22]. We have not written the sub-leading terms, which can also include logarithms. The response functions determine the exact one-point functions of the corresponding dual operators. More precisely, in the transversal gauge, ν = ν^i = 0, the exact one-point function ⟨O⟩ becomes [5, 6]

⟨O⟩ = (2Δ − d)φ̌ + contact terms . (5.4)

where the contact terms are finite but in principle scheme dependent. However, we can express ⟨O⟩ in a manifestly gauge invariant form after observing that φ̌ is equal to ǎ plus a (gauge dependent) function of the sources, so that (5.4) simply becomes

⟨O⟩ = (2Δ − d)ǎ + contact terms . (5.5)

We shall not be concerned with the finite scheme dependent contact terms that do not affect on-shell quantities but play a crucial role in the consistency of the subtraction procedure [5] and contribute to certain sum rules [28].

Holographic renormalization yields the correct (anomalous) Ward identities, which impose restrictions on the exact one-point function ⟨T^i_j ⟩ [5, 6], ∇_i ⟨ T^i_j ⟩ + ∇_jϕ̂ ⟨O⟩ = 0 , (5.6) ⟨T ⟩ + (d − Δ)ϕ̂ ⟨O⟩ = A . (5.7) Here, A denotes the conformal anomaly, and ϕ̂ includes also the background source, whereas φ̂ only denotes the fluctuation source. Hence, we can quite generally restrict the analysis of correlation functions to those containing O and the traceless transversal part of T^i_j .

Eqs. (5.6) and (5.7) give rise to the following operator identities, which are valid in all (non-local) correlation functions at distinct insertion points^5

∂_iT^i_j = 0 , T = βO . (5.8)

5There are also local terms in the correlation functions, which cannot be described by these operator identities. For example, from (5.7) follows ⟨T (z)O(x)O(y)⟩ = β ⟨O(z)O(x)O(y)⟩ + [δ(z − x) + δ(z − y)] ⟨O(x)O(y)⟩ + ∂ ∂z^i δ(z − x) ∂ ∂z^i δ(z − y) . The last term stems from the anomaly.

– 12 –

For the GPPZ flow, where d = 4, Δ = 3, and ^̄ϕ = √ 3, we find β = − √ 3. These operator identities can also be understood from our gauge invariant approach. Substituting the decomposition (3.5) into (5.1), we see that ϵ^j is the source of ∂_iT^i_j . However, ϵ^j appears in the gauge invariant fields only with an r-derivative, so that its source, which appears in the constant leading term, is irrelevant for the bulk dynamics. Consequently, the dual operator vanishes. Similarly, up to the numerical constant 2(d − 1), ĥ is the source of T , and from the definition of the invariant a we see that the corresponding source is â = φ̂ − (Δ − d) 2(d − 1)

^̄ϕĥ , (5.9)

from which the second identity in (5.8) follows immediately.

Let us now consider in more detail the exact holographic one-point function ⟨O⟩ in the presence of sources. As we are not interested in finite scheme dependent contact terms, it suffices to calculate the response ǎ. To this end we observe that a satisfies an equation of the form [cf. (4.11)] ( ~∇^2 − M^2 ) a = W_ϕ W J_ã , (5.10)

where M^2 is an effective mass term, and ~∇ now denotes the background covariant derivative. Thus, after defining a covariant Green’s function by ( ~∇^2 − M^2 ) G(z, z^′) = δ(z − z^′) √ g̃(z) , (5.11)

the general solution for a has the form a(z) = ∫ d^dy K(z, y)â(y) + ∫ d^{d+1}z^′ √ g̃(z^′)G(z, z^′) W_ϕ(z^′) W (z^′)

J_ã(z^′) . (5.12)

Here, z is a short notation for the variables (ρ, x), and x and y are boundary coordinates. Notice that the bulk integral is cut off at ρ^′ = ε, and also that ρ ≥ ε, because of the regularization procedure. Moreover, K(z, y) denotes the bulk-to-boundary propagator.

We are interested in the near-boundary behaviour of a, and it is very helpful that in asymptotically AdS spaces the Green’s function asymptotically behaves as [29] G(z, z^′) ≈ − ρ^{Δ/2} 2Δ − d K(x, z^′) + · · · . (5.13)

Setting also ρ = ϵ, this yields a(ε, x) ≈ ∫ d^dy K(ε, x; y)â(y) − ε^{Δ/2} 2Δ − d ∫ ε dρ^′ 2ρ^′ ∫ d^dy e^{dA(ρ′ )}K(x; ρ^′, y) W_ϕ(ρ^′) W (ρ^′) J_ã(ρ^′, y) . (5.14) It is more useful to consider this expression in momentum space, where we can use momentum conservation in the propagators, K(ρ, p; q) = K_p(ρ)δ(p + q). We also introduce the bulk-to-boundary propagator for the field ã, defined by K̃ = (W/W_ϕ)K. Thus, (5.14) becomes a(ε, p) ≈ W_ϕ(ε) W (ε) K̃_p(ε)â(p) − ε^{Δ/2} 2Δ − d ∫ ε dρ 2ρ e^{dA(ρ)}K̃_p(ρ) [ W_ϕ(ρ) W (ρ) ]_2 J_ã(ρ, p) . (5.15)

– 13 –

The two-point function ⟨OO⟩ can be read off easily from the asymptotic behaviour of the bulk-to-boundary propagator, K̃_p. Were the integral in (5.15) finite for ε → 0 (removal of the cut-off), it would directly represent the contribution to the response ǎ stemming from the interactions, i.e. also the terms needed for the three-point functions. However, one should in general expect the integral to be divergent. This does not cause problems, because the divergences can be understood and even predicted by considering the counter terms in holographic renormalization and are thus easily removed. (Remember that holographic renormalization ensures that the exact one-point function is finite.) The counter terms are obtained quite easily using the Hamilton-Jacobi approach to holographic normalization [6]. In the GPPZ flow, such terms do not appear with the active scalar, because the generic ϕ^4 logarithmic counter term is absent. In contrast, we expect logarithmic divergences from the (e^i_j )^2 terms in J_ã, since there is a ϕ^2R logarithmic counter term, and also in the mixed active-inert scalar sector because there are ϕ^2σ^2 logarithmic counter terms [24].

5.2 The Holographic Three-Point Function ⟨OOO⟩

In this subsection, we give a general, but formal expression for the three-point function ⟨OOO⟩, and we demonstrate that it is Bose symmetric. This is a useful check, because we do not differentiate three times with respect to the source a lagrangian for the field ã alone.

The relevant interaction terms are obtained by inserting the linear solutions for b and c from (4.10) into (4.13) dropping d_i and e^i_j . Thus, we find

J_ã = 1 4 ( W_ϕ W )_4 [ 2 ∂^i∂_j □ ( ã^′Π^j_i ã^′ ) − (Π^j_i ã^′) ∂^i∂_j □ ã^′ ] + 2 ( W_ϕ W )_2 ∂^iã^′ □ ∂_iã^′ + + 1 2 [ ∂_r ( W_ϕ W )_4] ∂^i∂_j □ ( ãΠ^j_i ã^′ ) + [ ∂_r ( W_ϕ W )_2] [ ∂^iã^′ □ ∂_iã − ∂^i □ ( ã^′∂_iã ) − ã^′ã ] −

− 1 2 ( W_ϕ W )_4 e^{−2A} ∂^i∂_j □ ( ã□Π^j_i ã ) + 1 2 [ D^2 ( W_{ϕϕ} W − W^2_ϕ W^2 )] ã^2 +

+ ( W_ϕ W )_2 e^{−2A} [ 2ã□ã + ∂^i □ [(∂_iã)(□ã)] − 1 2 (∂^iã)(∂_iã) ] , (5.16)

where D^2 is the second order differential operator defined in (4.12), and we have abbreviated ã^′ = ∂_rã.

The three-point function ⟨OOO⟩ is formally given by the integral in (5.15), where we should substitute the first order solutions of ã into J_ã. However, in this form it is not evident that the final expression will be Bose symmetric. In fact, we expect the integrand to be Bose symmetric up to total derivative terms, which then must vanish in the ε → 0 limit. In order to facilitate the integrations by parts, it is helpful to perform first a field redefinition that removes from J_ã the terms of the form (ã^′)^2 in the first line of (5.16), [30]. Hence, we perform the replacement ã → ã + 1 8 ( W_ϕ W )_4 [ 2 ∂^i∂_j □ ( ãΠ^j_i ã ) − (Π^j_i ã) ∂^i∂_j □ ã ] + ( W_ϕ W )_2 ∂^iã □ ∂_iã . (5.17)

– 14 –

After this field redefinition the source in (4.11) becomes

J_ã = 1 2 [ ∂_r ( W_ϕ W )_4] [ ∂^i∂_j □ ( ã^′ ∂^j ∂_i □ ã ) − ( ∂^i∂_j □ ã^′ ) ( ∂^j ∂_i □ ã )]

− [ ∂_r ( W_ϕ W )_2] [ ∂^iã^′ □ ∂_iã + 2 ∂^iã □ ∂_iã^′ + ∂^i □ ( ã^′∂_iã ) + ãã^′ ]

− 1 2 ( W_ϕ W )_4 e^{−2A} [ ã□ã − ∂^i∂_j □ ( ã∂_i∂^jã ) + 1 2 (∂_iã)(∂^iã) − ∂^i∂_j □ ( (∂_kã) ∂_i∂^j ∂^k □ ã ) + + 1 2 ( ∂^i∂^j ∂^k □ ã ) ( ∂_i∂_j ∂_k □ ã ) ] + + ( W_ϕ W )_2 e^{−2A} { 2ã□ã + ∂^i □ [(∂_iã)(□ã)] − 1 2 (∂^iã)(∂_iã) − 2 ( ∂^i∂_j □ ã ) (∂_i∂^jã) } + + 1 2 [ D^2 ( W_{ϕϕ} W − W^2_ϕ W^2 )] ã^2 − [ D^2 ( W_ϕ W )_2] ∂^iã □ ∂_iã −

− 1 8 [ D^2 ( W_ϕ W )_4] [ ã^2 − 2 ∂^i∂_j □ ( ã ∂^j∂_i □ ã ) + ( ∂^i∂_j □ ã ) ( ∂^j ∂_i □ ã )] . (5.18)

The three-point function of the active scalar is given by the integral in (5.15),^6

(2Δ − d)ǎ^{(2)}(p) = − ∫_∞ 0 dr e^{dA} ( W_ϕ W )_2

K̃_p(r)J_ã(r, p) . (5.19)

Differentiating ǎ^{(2)} twice with respect to â(−p) yields the three-point function ⟨OOO⟩. In order to do this, note that J_ã(r, p) is of the form J_ã(r, p) = ∫ dp_2 dp_3 δ(p + p_2 + p_3)X (p, −p_2, −p_3)K̃_2K̃_3â(−p_2)â(−p_3) , (5.20)

where K̃_2 and K̃_3 stand for the bulk-to-boundary propagators K̃_{p2} (r) and K̃_{p3} (r), respectively, and the operator X , which includes derivatives with respect to r acting on K̃_2 and K̃_3, can be read off from (5.18). It is important to notice the minus signs of the momenta p_2 and p_3. Thus, the three-point function we are seeking is

⟨O_1O_2O_3⟩ = −δ(p_1 + p_2 + p_3) ∫_∞ 0 dr e^{dA} ( W_ϕ W )_2

X_{123}K̃_1K̃_2K̃_3 , (5.21)

where X_{123} = X (p_1, −p_2, −p_3) + X (p_1, −p_3, −p_2) . (5.22)

6We might need to subtract divergences, if holographic renormalization predicts them by the presence of the appropriate counter terms.

– 15 –

After reading off X from (5.18) and using momentum conservation, p_1 + p_2 + p_3 = 0, we find

X_{123} = 1 2 [ ∂_r ( W_ϕ W )_4] [ (p_1 · p_2)^2

p^2_1p^2

∂_3 +

(p_1 · p_3)^2 p^2_1p^2_3

∂_2 +

(p_2 · p_3)^2 p^2p^2_3

∂_1 − − (p_2 · p_3)^2 p^2p^2_3

(∂_1 + ∂_2 + ∂_3) ] + + [ ∂_r ( W_ϕ W )_2][ p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) ∂_1 + p_1 · p_3 ( 1 p^2_1 + 1 p^2_3 ) ∂_2 +

+ p_1 · p_2 ( 1 p^2_1 + 1 p^2 ) ∂_3 − p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) (∂_1 + ∂_2 + ∂_3) ] + + 1 2 ( W_ϕ W )_4 e^{−2A} [ 1 2 (p^2_1 + p^2 + p^2_3) +

(p_1 · p_2)^3

p^2_1p^2 + (p_1 · p_3)^3 p^2_1p^2_3 + (p_2 · p_3)^3 p^2p^2_3 ] + + ( W_ϕ W )_2 e^{−2A} [ (p_2 · p_3)^2 ( 1 p^2 + 1 p^2_3 ) + (p_1 · p_3)^2 ( 1 p^2_1 + 1 p^2_3 ) + + (p_1 · p_2)^2 ( 1 p^2_1 + 1 p^2 ) − 2(p^2_1 + p^2 + p^2_3) ] + + 1 4 [ D^2 ( W_ϕ W )_4] [ (p_1 · p_2)^2 p^2_1p^2 + (p_1 · p_3)^2 p^2_1p^2_3 − (p_2 · p_3)^2

p^2p^2_3 ] + (5.23)

+ { D^2 [ W_{ϕϕ} W − ( W_ϕ W )_2 − 1 4 ( W_ϕ W )_4]} − [ D^2 ( W_ϕ W )_2] p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) . The symbols ∂_n, n = 1, 2, 3, denote the derivative with respect to r acting on the bulk-to-boundary propagator K̃_n. As

(∂_1 + ∂_2 + ∂_3)(K̃_1K̃_2K̃_3) = ∂_r(K̃_1K̃_2K̃_3) , (5.24)

we can integrate these two terms of (5.23) by parts in the integral in (5.21) exploiting also the identity ∂_r [ e^{dA} ( W_ϕ W )_2 ∂_r ] = e^{dA} ( W_ϕ W )_2

D^2 . (5.25)

Hence, the last term in (5.23) is cancelled, and the minus sign of the last term on the penultimate line is reversed, rendering the final result totally symmetric in the indices 1, 2 and 3. This is the proof of Bose symmetry we wanted. Thus, the final result is

X_{123} = 1 2 [ ∂_r ( W_ϕ W )_4] (p_1 · p_2)^2

p^2_1p^2

∂_3 + [ ∂_r ( W_ϕ W )_2]

p_1 · p_2 ( 1 p^2_1 + 1 p^2 ) ∂_3 +

+ 1 2 ( W_ϕ W )_4 e^{−2A} [ 1 2 p^2_1 +

(p_1 · p_2)^3 p^2_1p^2 ] + + ( W_ϕ W )_2 e^{−2A} [ (p_1 · p_2)^2 ( 1 p^2_1 + 1 p^2 ) − 2p^2_1 ] + (5.26)

– 16 –

+ 1 4 [ D^2 ( W_ϕ W )_4]

(p_1 · p_2)^2 p^2_1p^2 + 1 3 { D^2 [ W_{ϕϕ} W − ( W_ϕ W )_2 − 1 4 ( W_ϕ W )_4]} + cyclic .

In the above analysis we have not really been careful dropping the boundary terms in the integration by parts in the step from (5.23) to (5.26) and using the field redefinition (5.17), both of which might contribute terms to the three-point function that are not Bose symmetric. Thus, it remains to check that these contributions either cancel or vanish in the limit ε → 0. We shall show this explicitly for the GPPZ flow in the next subsection, but the argument extends easily to the general case.

5.3 Correlation functions in the GPPZ Flow

We shall now apply our results to the GPPZ flow, where it is conventional to use the variable u = 1 − ρ = 1 − e^{−2r}. Useful identities are listed in appendix A. For completeness, we also calculate the two-point function using our simpler linear equation, although the result has been known for some time. We would like to mention that we have performed the calculations for dimensionless p. In order to restore the proper dimensions, one must replace p by pL everywhere, where L is the radius of curvature of the asymptotic AdS region (L^4 = 4πg_sNα^{′2}), so that O(p) → O(pL) = O(p)/L. (O(p) has dimension −1, corresponding to O(x) of dimension 3.) Furthermore, the results should be multiplied by the numerical factor [N^2/(2π^2)] × (2π)^4, where the (2π)^4 stems from our convention for the δ-function in momentum space.

The equation of motion (4.11) for ã becomes (in momentum space) [ u(1 − u)∂^2_u + (2 − 2u)∂_u − p^2 4 ] ã = u 4(1 − u)

J_ã . (5.27)

The associated homogeneous equation is a hypergeometric equation, whose solution, which is regular for u = 0, is readily found. We have to be somewhat careful with the normalization, because the expansion (5.3) should hold also for K_p = (W_ϕ/W )K̃_p (in particular with a factor 1 in the leading term). Hence, we find the bulk-to-boundary propagator

K̃_p(u) = √ 3 2 Γ ( 3 + α 2 ) Γ ( 3 − α 2 ) F ( 1 + α 2 , 1 − α 2 ; 2; u ) , (5.28)

with α = √ 1 − p^2. Its asymptotic behaviour is given by [31] K̃_p(u) ≈ √ 3 2 [ 1 + p^2 4 (1 − u) ln(1 − u) + 1 2 H(p)(1 − u) + · · · ] . (5.29)

The function H(p), which is related to the two-point function by ⟨O(p)O(q)⟩ = δ(p + q)H(p) , (5.30) is given by H(p) = p^2 2 [ ψ ( 3 + α 2 ) + ψ ( 3 − α 2 ) − ψ(2) − ψ(1) ] . (5.31)

– 17 – where ψ(z) = Γ^′(z)/Γ(z). The spectrum of poles becomes clear after rewriting H in a series representation using the formula [32] ψ(x) − ψ(y) = ∞∑ k=0 ( 1 y + k − 1 x + k ) . (5.32)

This yields H(p) = p^4 2 ∞∑ k=1 2k + 1 k(k + 1)[4k(k + 1) + p^2]

. (5.33)

Thus, we find particles with the masses m^2 = 4k(k + 1), k = 1, 2, 3, . . .. The residues at the poles, which represent the decay constants [33], are

|f_k|^2 = 8k(k + 1)(2k + 1) . (5.34)

Let us now consider the three-point function. In the case of the GPPZ flow, we obtain from (5.21) and (5.26)

⟨O_1O_2O_3⟩ = − 2 27 δ(p_1 + p_2 + p_3)

∫_1 0 du Y_{123}K̃_1K̃_2K̃_3 , (5.35)

where

Y_{123} =

9u^2 (1 − u)^2

X_{123}

= −64u^2(1 − u)

(p_1 · p_2)^2

p^2_1p^2

∂_3 − 48u^2p_1 · p_2 ( 1 p^2_1 + 1 p^2 ) ∂_3 +

+8u(1 − u) [ 1 4 (p^2_1 + p^2) +

(p_1 · p_2)^3 p^2_1p^2 ] + 12u [ (p_1 · p_2)^2 ( 1 p^2_1 + 1 p^2 ) − (p^2_1 + p^2) ] + +32u(3u − 2)

(p_1 · p_2)^2

p^2_1p^2

+ 16u [ 2(1 − u) + 1 3 ] + cyclic . (5.36)

Here, ∂_n denotes the derivative with respect to u acting on K̃_n. It is reassuring that Y_{123} is finite for u → 1.

As anticipated in subsection 5.2, we need to check that the field redefinition and the integration by parts used to obtain the final result do not spoil it. On the one hand, the total derivative terms discarded in the step from (5.23) to (5.26) are

e^{4A} ( W_ϕ W )_2

K̃_1K̃_2K̃_3δ(p_1 +p_2 +p_3)∂_r [ 1 2 ( W_ϕ W )_4

(p_2 · p_3)^2 p^2p^2_3 + ( W_ϕ W )_2 p_2 · p_3 ( 1 p^2 + 1 p^2_3 )] , (5.37) where we must take the limit r → ∞. After going to the u variable using the relations of appendix A, as well as K̃_n = √ 3/2 + · · · from (5.29), we obtain − 4 √ 3 p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) δ(p_1 + p_2 + p_3) . (5.38)

– 18 –

On the other hand, the contribution from the field redefinition is found by differentiating the quadratic terms on the right hand side of (5.17) twice with respect to the source â(−p). This yields 2 [ 1 4 ( W_ϕ W )_4 ( 1 − (p_1 · p_2)^2 p^2_1p^2 − (p_1 · p_3)^2 p^2_1p^2_3 + (p_2 · p_3)^2

p^2p^2_3 ) + + ( W_ϕ W )_2

p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) ] K̃_2K̃_3δ(p_1 + p_2 + p_3) = (5.39) = W W_ϕ [ (1 − u)^{3/2} 4 √ 3 p_2 · p_3 ( 1 p^2 + 1 p^2_3 ) + O((1 − u)^{5/2}) ] δ(p_1 + p_2 + p_3) .

We have factored out W/W_ϕ in order to put in evidence the contribution to the response ǎ. Obviously, it cancels the total derivative term (5.38).

In order to find the irreducible trilinear couplings of on-shell states, we need to amputate the legs of the three-point function [33]. This is done best by rewriting the bulk-to-boundary propagator (5.28) around an on-shell pole as

K̃_p(u) = √ 3 2 Γ ( 1 + α 2 ) Γ ( 1 − α 2 ) (1 − u) d du F ( 1 + α 2 , 1 − α 2 ; 1; u )

= |f_k| p^2 + 4k(k + 1) [√ 3(2k + 1) 2k(k + 1)

(1 − u) d du P_k(2u − 1) ] + regular , (5.40)

where f_k is the decay constant defined in (5.34), and P_k denotes the Legendre polynomial of degree k, which satisfies the useful formula

P_k(2u − 1) = k∑ n=0 ( k n )_2

u^n(u − 1)^{k−n} . (5.41)

Thus, we can write the three-point function (5.35) close to the on-shell poles as

⟨O_1O_2O_3⟩ = δ(p_1 + p_2 + p_3) 3∏ i=1 [ |f_{ki} | p^2_i + 4k_i(k_i + 1) ] M + regular , (5.42)

where M denotes the amplitude M = − 1 9 √ 3 2 3∏ i=1 √ 2k_i + 1 k_i(k_i + 1)

∫_1 0 du Y_{123}F_1F_2F_3 , (5.43)

with F_i(u) = (1 − u) d du P_{ki} (2u − 1) . (5.44)

Moreover, one should substitute p_1 ·p_2 = (p^2_3 −p^2_1 −p^2)/2 and cyclic, with p^2_i = −4k_i(k_i +1), into (5.36).

The integral in (5.43) is elementary for all k_i, but, contrary to the simpler case of the trilinear couplings of two inert scalars to the active scalar [24], the final result is not particularly illuminating, and we do not display it here. We would only like to mention

– 19 – that it satisfies a sort of ‘triangular inequality’ as a consequence of the orthogonality of the Legendre polynomials P_{ki} (2u − 1) in the interval u ∈ [0, 1]. The 1/p^2 terms in the operator Y_{123} defined in (5.36) are not dangerous, because the spectrum contains no massless states. Finally, (5.42) has the correct (mass) dimension and large-N suppression.

6. Conclusions and outlook

In this paper, we have developed and used a gauge invariant approach for the analysis of the equations governing the dynamics of active scalar fluctuations in RG flows. This approach has enabled us to arrive at a second order ODE for the active scalar in a rather simple fashion, which in turn made it possible to use the Green’s function method to deal with the quadratic interaction terms. Thus, we have taken another step beyond the tradition and filled a gap for active scalar operators, whose three-point function has not been analyzed in [24].

As an application, we derived an explicitly Bose symmetric formula for the three-point function ⟨OOO⟩. To arrive at the Bose symmetric expression a field redefinition removing the interaction terms with two r-derivatives was instrumental. It was then necessary to integrate by parts the integral for the three-point function, with the boundary terms cancelling the contributions from the field redefinition. Other three-point functions can be calculated in the same fashion, which we leave as a future project. We anticipate that the use of the gauge invariant approach simplifies matters significantly. It would also be interesting to cross-check three-point functions like ⟨T^i_j OO⟩ calculating them in two different ways (in this case, using the Green’s function for a and e^i_j ).

As mentioned after (5.5), we have not been concerned about the scheme dependent local terms. They are interesting, because some central charges and sum rules may depend on them [34, 28, 35, 36]. Moreover, in the supersymmetric renormalization scheme the finite counter terms without derivatives are uniquely determined. It is not clear to us whether it also determines the other finite counter terms. Hence, a deeper investigation of this matter is advisable.

We have applied our final result to the GPPZ flow, which is particularly simple. As the bulk-to-boundary propagator of on-shell states is a polynomial in this case, the final integral can be carried out explicitly, although it is very difficult to give a general formula for arbitrary masses. This can be used to extract, e.g. the decay rates for the various decay channels. A thorough analysis involving also the states arising from the inert scalars and the energy-momentum tensor looks feasible. Moreover, we leave it to the future to apply the result to the Coulomb branch flow.

Acknowledgments

The work of M. B. and M. P. was supported in part by INFN, by the EEC contracts HPRN- CT-2000-00122 and HPRN-CT-2000-00148, and in part by the INTAS contract 99-1-590. W. M. has been financially supported by INFN and the European Commission, project HPRN-CT-2000-00131.

– 20 –

A. Useful relations for the GPPZ flow

We summarize here a number of relations for the GPPZ background. For simplicity, we set the asymptotically AdS length scale to unity, i.e. L = 1.

The superpotential for the active scalar is W = − 3 4 ( cosh 2ϕ √ 3 + 1 ) . (A.1)

This potential leads to a significant simplification of its various derivatives, because of the identities W_{ϕϕ} = 4 3 W + 1 ,

W^2_ϕ W = 4 3 W + 2 . (A.2)

Integrating the background equations (1.6) yields

e^{2ϕ̄/} √ 3 = 1 + e^{−r} 1 − e^{−r} , e^{2A} = e^{2r} − 1 . (A.3)

From (A.3) we easily find the background source, ^̄ϕ = √3 . (A.4)

It is useful to introduce the variable

u = 1 − e^{−2r} , (A.5)

in terms of which the following relations hold, du dr = 2(1 − u) , e^{−2A} = 1 − u u , W = − 3 2u , W_ϕ = − √ 3 √ 1 − u u . (A.6)

References

[1] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[2] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[3] S. de Haro, S.N. Solodukhin and K. Skenderis, Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence, Commun. Math. Phys. 217 (2001) 595 [hep-th/0002230].

[4] M. Henningson and K. Skenderis, The holographic Weyl anomaly, J. High Energy Phys. 07 (1998) 023 [hep-th/9806087].

[5] M. Bianchi, D.Z. Freedman and K. Skenderis, Holographic renormalization, Nucl. Phys. B 631 (2002) 159 [hep-th/0112119].

[6] D. Martelli and W. Muck, Holographic renormalization and ward identities with the Hamilton-Jacobi method, Nucl. Phys. B 654 (2003) 248 [hep-th/0205061].

– 21 –

[7] K. Skenderis, Lecture notes on holographic renormalization, Class. and Quant. Grav. 19 (2002) 5849 [hep-th/0209067].

[8] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[9] A. Khavaev, K. Pilch and N.P. Warner, New vacua of gauged N = 8 supergravity in five dimensions, Phys. Lett. B 487 (2000) 14 [hep-th/9812035].

[10] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, Novel local CFT and exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics, J. High Energy Phys. 12 (1998) 022 [hep-th/9810126].

[11] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363 [hep-th/9904017].

[12] K. Behrndt, Domain walls of D = 5 supergravity and fixpoints of N = 1 super Yang-Mills, Nucl. Phys. B 573 (2000) 127 [hep-th/9907070].

[13] A. Brandhuber and K. Sfetsos, Wilson loops from multicentre and rotating branes, mass gaps and phase structure in gauge theories, Adv. Theor. Math. Phys. 3 (1999) 851 [hep-th/9906201].

[14] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Continuous distributions of d3-branes and gauged supergravity, J. High Energy Phys. 07 (2000) 038 [hep-th/9906194].

[15] K. Behrndt and M. Cvetič, Supersymmetric domain wall world from D = 5 simple gauged supergravity, Phys. Lett. B 475 (2000) 253 [hep-th/9909058].

[16] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, The supergravity dual of N = 1 super Yang-Mills theory, Nucl. Phys. B 569 (2000) 451 [hep-th/9909047].

[17] N. Evans and M. Petrini, AdS rg-flow and the super-Yang-Mills cascade, Nucl. Phys. B 592 (2001) 129 [hep-th/0006048].

[18] M. Petrini and A. Zaffaroni, The holographic rg flow to conformal and non-conformal theory,

hep-th/0002172.

[19] O. DeWolfe and D.Z. Freedman, Notes on fluctuations and correlation functions in holographic renormalization group flows, hep-th/0002226.

[20] G. Arutyunov, S. Frolov and S. Theisen, A note on gravity-scalar fluctuations in holographic RG flow geometries, Phys. Lett. B 484 (2000) 295 [hep-th/0003116].

[21] M. Bianchi, O. DeWolfe, D.Z. Freedman and K. Pilch, Anatomy of two holographic renormalization group flows, J. High Energy Phys. 01 (2001) 021 [hep-th/0009156].

[22] W.Mück, Correlation functions in holographic renormalization group flows, Nucl. Phys. B 620 (2002) 477 [hep-th/0105270].

[23] M. Bianchi, D.Z. Freedman and K. Skenderis, How to go with an RG flow, J. High Energy Phys. 08 (2001) 041 [hep-th/0105276].

[24] M. Bianchi and A. Marchetti, Holographic three-point functions: one step beyond the tradition, hep-th/0302019.

[25] R.M. Wald, General relativity, University of Chicago Press, Chicago 1984.

– 22 –

[26] C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, Freeman, San Francisco 1973. [27] L.P. Eisenhart, Riemannian geometry, Princeton University Press, Princeton 1964. [28] D. Anselmi, Inequalities for trace anomalies, length of the rg flow, distance between the fixed points and irreversibility, hep-th/0210124.

[29] W. Muck and K.S. Viswanathan, Regular and irregular boundary conditions in the AdS/CFT correspondence, Phys. Rev. D 60 (1999) 081901 [hep-th/9906155].

[30] S.-M. Lee, S. Minwalla, M. Rangamani and N. Seiberg, Three-point functions of chiral operators in D = 4, N = 4 SYM at large-N, Adv. Theor. Math. Phys. 2 (1998) 697 [hep-th/9806074].

[31] M. Abramowitz and I.A. Stegun eds., Handbook of mathematical functions, Dower Publ., New York 1965.

[32] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series and products, Academic Press, New York 1994.

[33] M.E. Peskin and D. V. Schroeder, An introduction to quantum field theory, Perseus Books, Cambridge, Massachusetts 1995.

[34] J. Erdmenger, A field-theoretical interpretation of the holographic renormalization group, Phys. Rev. D 64 (2001) 085012 [hep-th/0103219].

[35] A. Cappelli, G. D’Appollonio, R. Guida and N. Magnoli, On the c-theorem in more than two dimensions, hep-th/0009119.

[36] A. Cappelli, R. Guida and N. Magnoli, Exact consequences of the trace anomaly in four dimensions, Nucl. Phys. B 618 (2001) 371 [hep-th/0103237].

– 23 –